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In the present work, we consider a two dimensional axisymmetric problem of micropolar
porous circular plate with thermal and chemical potential sources in the context of the
theory of dual phase lag generalized thermoelastic diffusion. The potential functions are
used to analyze the problem. The Laplace and Hankel transforms techniques are used to
find the expressions of displacements, microrotation, volume fraction field, temperature
distribution, concentration and stresses in the transformed domain. The inversion of
transforms based on Fourier expansion techniques is applied to obtain the results in
the physical domain. The numerical results for resulting quantities are obtained and
depicted graphically. Effect of porosity, LS theory and phase lag are presented on the
resulting quantities. Some particular cases are also deduced.

Keywords: micropolar porous, thermoelastic diffusion, circular plate, thermal and chem-
ical potential sources, Laplace and Hankel transforms.

1. Introduction

Nowacki [1] and Eringen [2] developed the theory of micropolar thermoelasti-
city. The linear theory of miccropolar coupled thermoelasticity was examined by
Tauchert, Claus and Ariman [3]. Boschi and Iesan [4] derived the governing equa-
tions of the linear theory of thermoelasticity investigated with two relaxation times.
Many researchers Tauchert [5], Nowacki and Olszak [6], Dost and Tabarrok [7],
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Chandrasekharaiah [8] and Dhaliwal and Singh [9] also worked on the micropolar
thermoelasticity theory.

Ciarletta [10] established a theory of micropolar thermoelasticity that permits pro-
pagation of thermal waves at a finite speed. He also presented a solution of Galerkin
type for homogeneous and isotropic bodies and this solution is used to study the ef-
fect of concentrated heat sources. Sherief, Hamza and Sayed [11] derived the general
solution for a homogeneous and anisotropic medium with a microstructure consid-
ering the effects of heat and allowing for second sound effects. They also proved
uniqueness theorem for a half space whose boundary surface is rigidly fixed and
subjected to an axisymmetric thermal shock. Passarella and Zampoli [12] obtained
reciprocal and variational principle of convolution type for micropolar thermoelastic
materials with centre of symmetry by using the thermoelasticity theory of type II.
Marin and Beleanu [13] proved some differential relations for certain cross sectional
integrals by using the initial boundary value problem of micropolar bodies in ther-
moelasticity without energy dissipation. Othman, Tantawi and Hilal [14] presented
effect of initial stress and gravity field on micropolar thermoelastic medium with
microtemperatures.

Tesan [15] developed the linear theory of micropolar materials with voids and stu-
died the propagation of shock waves in homogeneous and isotropic micropolar elastic
medium with voids. Marin [16, 17] presented the generalized solutions for boundary
value problems in micropolar elastic bodies with voids. Many researchers (Kumar
and Choudhary [18,19], Kumar and Deswal [20], Passarella, Tibullo and Zampoli
[21] worked on micropolar elastic medium with voids. Marin Abd-Alla, Raducanu
and Abo-Dahab [22] proved the solution of mixed initial boundary value problem
for porous micropolar bodies depends continuously on coefficients which couple the
micropolar deformation equations with the equations that model the evolution of
voids. Yong Ai and Wu [23] presented precise integration solution with anisotropic
thermal diffusivity and permeability for thermal consolidation problems of a multi-
layered porous thermoelastic medium subjected to a heat source.

The theory of thermoelastic diffusion using coupled thermoelastic model was de-
veloped by Nowacki [24, 25, 26, 27]. Sherief and Saleh [28] studied the problem of
generalized thermoelastic diffusion with one relaxation time having a permeating
substance in contact with the bounding plane due to time dependent thermal shock.
Corresponding author: email- rekharani024@gmail.com

Kumar and Kansal [29] constructed the fundamental solution of the system of dif-
ferential equations in the theory of micropolar thermoelastic diffusion with voids.
El-Sayed [30] applied the theory of generalized thermoelastic diffusion with one re-
laxation time to study the two dimensional problem of a thermoelastic half space
with a permitting substance and with the bounding plane. Abbas, Kumar and
Kaushal [31] used finite element method to study the deformation in a micropo-
lar thermoelastic diffusion medium subjected to thermal source within the context
of Lord Shulman theory [32]. El-Karamany and Ezzat [33] derived the constitu-
tive equations for thermoelastic diffusion in anisotropic and isotropic solids using
generalized thermoelasticity theory with two time delays and kernel functions.
The dual phase lag model was investigated by Tzou [34, 35] and also introduced the
universal constitutive equations in the heat flux vector and temperature gradient
with dual phase lag model for the study of fundamental behaviors of wave, diffusion,
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pure phonon scattering and phonons electrons interactions and phonon scattering
on macroscopic level. The dual phase lag model is used for the investigation of the
microstructural effect on the behavior of heat transfer for macroscopic formulation.
The applicability and physical meanings of dual phase lag model have been intro-
duced by the experimental results of Tzou [36]. Liu and Chang [37] investigated
the transient heat conduction in an infinitely long solid cylinder with dual phase lag
heat transfer for an exponentially decaying pulse boundary heat flux and for a short
pulse boundary heat flux. Kumar and Gupta [38] introduced the generalized form
of mass diffusion equation instead of classical Fick’s diffusion and thermal phase lag
on the propagation of waves in thermoelastic diffusion medium with different sym-
metry. Abbas and Zenkour [39] studied the dual phase lag model on thermoelastic
interactions in a semi-infinite medium due to a ramp type heating by using finite
element method.

Ezzat, El-Karamany and El-Bary [40] applied the governing equations of a new
mathematical model of generalized thermoelasticity with memory dependent deriva-
tive and dual phase lag model to a half space due to ramp type heating. Othman,
Atwa and Elwan [41] introduced a three dimensional model of generalized thermoe-
lasticity equations for a homogeneous isotropic elastic half space in a generalized
thermoelastic medium with dual phase lag model under the effect of the gravity
field. The thermoelastic interactions in a homogeneous and isotropic thick plate in
the context of the theory of two temperature thermoelasticity with dual phase lag
model due to a ring load has been investigated by Kumar, Sharma and Lata [42].

In the work, we investigate an axisymmetric problem of micropolar porous circular
plate with mass diffusion in the context of dual phase lag theory of thermoelasticity
due to thermal and chemical potential sources. The potential functions and Laplace
and Hankel transforms are proposed to solve the problem. Inversion of transforms
is applied to obtain the results in the physical domain. Effect of porosity, LS theory
and phase lag are presented on the resulting quantities.

2. Basic equations

Following Kumar and Partap [43], Kumar and Kansal [44] and Chandrasekharaiah
[45], the field equations and the constitutive relations in a micropolar porous ther-
modiffusion medium with dual phase lag model in the absence of body forces, body
couples, heat sources and extrinsic equilibrated body force are taken as:

A2+ RV (V) = (u+ K)V XV x T + KV X @ +bVe* — BVT

9>
—p2VC = P oz (1)
— — — 323
(a—!—ﬁ—l—’y)V(V.qS) AV x (Vx ¢)+KV><7—2K¢ —pimy (@)
2 y o¢* %
a1V2g —b(V.ﬁ)—{lgb — wo T + 1T +1.C = py BT (3)



1392 Kumar, R., Miglani, A. and Rani, R.

K} <1 + rtgt) V2T

2 92
- (1 T Tq% + T;;) [pC*T' 1 BTy (v.ﬁ) + 1 Tod* + aOTOC] (4)
DByV? (V. W) 4Dy V2¢* 4+ DagV2T+C—DbyV2C = 0 (5)
P =~y (V. W) +byC — agT (6)
tij = My 035 + o (wi 5 +wjs) + K (uji — €ijitr) — 1T0:5 — 2064
b0 (7)
mij = a5 + Bdij +7Pji (8)

where: 7 is the displacement vector, ? is the microrotation vector, p is the density,
j is the micro inertia, A\, p, K,«, B, 7 are micropolar constants, ai,b,&1,wp, m
and x are the elastic constants due to the presence of voids, ¢* is the change
in volume fraction field, K7 is the coefficient of thermal conductivity, 7" is the
change in temperature of the medium at any time, C* is the specific heat at con-
stant strain, C' is the concentration of the diffusion material in the body, D is the
thermoelastic diffusion constant, ag, by are respectively, coefficients describing the
measure of thermodiffusion and of mass diffusion effects, 1 = (3\+2u + k) a1,
P2 = BA+2u+k)ac, vi = BA+2u+k)awm, va = BAN+2u+ k) aee, ag1, oo
are coefficients of linear thermal expension and a1, a.o are the coefficients of li-
near diffusion expansion, 7, 74, are the thermal relaxation times, ¢;;, m;; are the
stress tensor and couple stress tensor, d;; is the kroneckor delta and the Laplacian

292 10 1 9% | 92
operator is V=754 5+ 5o+ 5.

3. Formulation of the problem

A homogeneous and isotropic micropolar porous thermodiffusion elastic circular
plate of thickness 2d is considered and the region 0 < r < oo, —d < z < d is
occupied by the plate. Cylindrical polar coordinate system (r, 6, z) with symmetry
about z-axis is considered. The origin of the coordinate system (r, 0, z) is taken
as the middle surface of the plate. We assume that the z-axis is normal to the plate
along its thickness. Ty is the initial temperature of the thick circular plate taken
as a constant temperature.

For two dimensional case, the displacement and microrotation vectors as:

%
U= (ur, 0,uz) ¢ = (0, ¢, 0) 9)
The following non-dimensional variables are defined as:
, w'roo, w2z o, pawtu, ,  pawu, pc3 py
r = z = Up = ——7F75— U, = —F—F— 9=
C1 C1 B1To B1To B1To
2k
* pcl¢ ! T i /BQC / * / *
¢ = "=+ (= ' =w't 7 =w'r 10
BTy T B1To ! ' 10)
P ti; w*
L= w* P=— t =Y r= 2 g
Ta =% T B Y piTo i c151To g
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where:
s A+2u+ K . K
1_7 w

p pJ

With the aid of expression relating displacement components u, and u, to scalar
potentials ¢ and 1 as:

C

_0¢ oY

= o + 0z (11)
7] 0
The Laplace and Hankel transforms are given by:
F0:29) = LTz} = [ e ar (13)
0
fless) =HT @z = [ f@es i 04

The expressions are obtained by using (9) in (1)-(6), using (10)-(12) and then ap-
plying Laplace and Hankel transforms defined by (13)-(14) as:

d? ~ —~ .
[6122—52—52]¢+p0¢*—T—C=0 (15)
d? s 821~ p—~
{dzg—f—(s?}ﬁ—(pd)ezo (16)
w2 & ~ [ d? o 2]~
52<dz2_52)w+|:d,22_§2_252_(52:|¢9:0 (17)
* d? 2\ 7 d? 2 * * x 2| T
Pod] @—f o — @—5 —p151—528—538 ¢
—B10T — By67C =0 (18)
d? ~ -~ 2, -
Ry <dz2 - §2> @+ €f 1 Rap* — l:Rl (M ¢ ) - RQQ*:| T
+S5*RyC =0 (19)
d? 2 d? 2\ 7.7 a? 2) %
(¢ﬂ‘5)<¢ﬁ‘5)¢+@(¢ﬂ‘5>¢
L\~ 2L\ A
* d2 2\ 7 * A * M
P=-B"(5-€)o+FC-GT (21)
where:
o MK 5 K b o Kd o 5 A4
2 i pd U od T
4 2
2 T pci 5 V1 2 §1 o wocy
Cq = — 6 = = —_— = —_— = —_— =
P T aqw? & B1 P2 B2 P pd P qqwr
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5 = pXCl 0 = PC;*C% c— 5%*710 g% — aoﬁ1{o¢% A — appci
aq Kjw* pKjw* BaKfw* 5152
4 2
* pcl * bOpcl * ﬂlTO * bOBITO * aOTO
2 2 pey 2 2
72
Ry =(14m7s) Ry= 1+qu+5q82 s
Solving (15)-(20), we get:
o 4
((ba ¢*a T, C) :/ (17 Qq, biv di)AiCOShmiZ (22)
i=1
o 6
(4.60) = [ 1, €0) Busintmiz (23
i=5
where: a;, b;, d;, e; and H are given in appendix I.
m;, (i=1, 2, 3, 4) and m,, (i =5, 6) are respectively roots of:
[D®+ P.D® + P,D* + PsD* + Py| =0 (24)
[D*+Q1D* + Q] =0 (25)

where Py, P, P3, P, @1 and Q)2 are given on appendix II.
Equations (11)-(12), with the help of (22)-(23) and applying Laplace and Hankel
transforms defined by (13)-(14) are expressed as:

4 6
U, = —§/ A,coshm;z +/ B;m;coshm;z (26)
i=1 i=5
4 6
U, :/ Aimisinhmiz—f/ Bisinhm;z (27)
i=1 i=5
By using (22) into (21), yield:
. 4
P = KiAicoshmiz (28)

i=1
Ki=—E"(m; &)+ F'di—G*;, i=1, 2, 3, 4

4. Boundary conditions

The boundary conditions may be defined at the surface z = +d of the plate as:

drl’
E = igOF(Ta Z) 29
t,.,=0 30

mz(;=0
de*
dz =0
P=35(r)s(t)

(

(
te =0 (31

(

(

(
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where: F (r, z) = 227", w > 0, §() is the Dirac delta function and H() is the
Heavyside unit step function.
The stress components t,., t,, and m_.y are given by:

32 ar T *
te = (N4 2p+ K) S +>\< - +7“;>+b¢ =BT = pC  (35)

0z or
ou, Ou,
tr = (0 + K) 92 +u or — Koy (36)
0y
Map =7~ (37)

The expressions of displacements, microrotation, volume fraction field, temperature
distribution, concentration and stresses are obtained in the transformed domain,
with the use of (9), (13)-(14), (22)-(23), (26)-(28) and (29)-(37) as:

U 1 /¢
u, A/i:l EA;coshm;z + A/1_25 m;Ajcoshm,z (38)
1 A I A
Uy = — m; N stnhm;z — — istnhm;z 39
i/ R /1:55 (39)
— 1 4
((b*, T, C) = —/ (a;, bi, d;) Ajcoshmz (40)
A Jizy
—~ 1 (¢
A Jizs
1 1 /¢
t.. A/i:1 LiA;coshm;z + A/i:5 M;A;coshm;z (42)
1 4 1 /¢
toy = — N;Asinhm;z + f/ SiAisinhm;z (43)
A i=1 A 1=5
1 /6
m,e = —/ TiAiCOShmiZ (44)
A Jizs

where:

U, Uy Us Us 0 0
Vi Vo V3 Vi Ys Y
Wy Wo W3 Wi Zs Zg
0 0 0 0 Os Og
X X9 X3 X4 0 O
P P P P 0 O

and A;(i = 1,2,3,4,5, 6) are obtained from A by replacing i’ column of A

with |@, 0, 0, 0, R|tr, U; = bym;sinhm;d, V; = L;coshm;d, W; = N;sinhm;d,

X, = aym;sinhmyd, 1 = 1, 2, 3, 4, O; = T;coshm;d, Y; = M;coshm;d,

Zi = Sisinhmid, Pi = Kicoshmid, 1 = 5, 67 Q = igo(zz—iiﬁ’ R = J() (f),

Li=m? =25 +poa; —bi—diyi =1, 2, 3, 4 M; = § (X —1)my, i = 5, 6,
1 1

N; = —(j—“ +p) fmi, i = 1,2, 3, 4, § = WM& g — 5 6,
1

pc
™2 . !
Ti = Wdimi, 1= 5, 6.
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5. Particular cases

o If we take 7, = 73 =0, 74 = 70, then we obtain the corresponding results for
Lord Shulman theory (1967) in micropolar porous thermodiffusion medium.

o If we take C = 0, then we obtain the corresponding results for micropolar
porous thermoelastic with dual phase lag model.

e Neglecting the porous effect i.e. ay, b, &, wp, x and ¢* tend to zero.
Then, the boundary conditions for two temperature micropolar thermoelastic
solid with three phase lag model are given by:

dr

Y g F

dz go (T’ Z)
t..=0 t.r =0 mze =0

P=6(r)d(t)

and the corresponding expressions are given by:

1 [? I
ur=-x /1:1 §Aicoshmiz+g /i:4 m;A;coshm;z
1P I
U, = X /7;:1 miAisinhmiz—Z/i:4§AiSmhmiZ

(T, (~]> = 2/3 b;A\;coshm;z
i=1

— 1 5
¢y = N /2:4 d; \;sinhm;z

1 [? L
t., = K/i:l LiAicoshmiz-i-K /i:4 M;Ajcoshm;z

1 /3 _ 1 /° .

tyy = A - NiAismhmiz—&—Z /i:4 S;A\;sinhm;z
1 /5

Moy = A /i:4 T;A;coshm;z

where:
vy Ust Us* 0 0
‘/1** ‘/'2** ‘/3** Y4>k>k YS**
0 0 0 oy Of
P Pyt P 0 0

and A¥*(i = 1,2,3,4,5) are obtained from A** by replacing i** column of A**
with | Q, 0, 0, 0, R|",

also:

U™ = bm;sinhmgd, V™ = L coshm;d W* = N*sinhm,d,
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P = K™ coshm;di=1, 2, 3
O =T coshm;d Y™ = M coshm;d Z!* = S;*sinhm;d i=4,5

2

)\2
Lo =m? =2 4, i=1, 2, 3
Pey

—{( >m1,1—45
pcs

2
NZ**:—('ué >§m2,7,—123

251
K 2 2
gy = )pgﬁ“g —pdi i=4, 5
1
*2
T = 70)4 dim;, i=4,5
Pey

di = [~ (m? — €2)" = A" (m? =€) (m? — € = 5%)|/H
H = B*s— (D" + A*) (m} — &)

6. Inversion of transforms

We have to obtain the transformed displacements, microrotation, volume fraction
field, temperature distribution, concentration and stresses in the physical domain,
so, we invert the transforms in the resulting expressions (38)-(44). All these expres-
sions are functions of the form f (&, z,s). Therefore, we get the function f (r,z,t)
by using the inversion of the Hankel and Laplace transforms are defined by:

Flezs= [ €lens e (45)
c+roo
f(r zt) = i /Cﬂoo fr z,s)e ds (46)

where c¢ is an arbitrary constant greater than all real parts of the singularities of

fr 2 t).

7. Numerical results and discussions

Following Eringen [46], the values of micropolar parameters is taken as:
A=94x10"Nm™2, p=40x10"Nm™2, K = 1.0 x 10" Nm~2,

p=174x10°Kgm™3,j=02x 10"m?, v = 0.779 x 107 N.

Following Dhaliwal and Singh [47], the values of thermal parameters are given by:

C*=1.04 x 10°JKg 'K, K; =1.7x10°Jm ™ 's 'K~ oy =233 x 107° K1,
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7t = 0.1s X 10_13560, T7q = 0.2s8 % 10_13560, 70 = 6.131 X 10_13560,
To = 0.298 x 10K, m = 1.13849 x 10''N/m?K,

The diffusion parameters are given by:
=233 x 10°K 1, ayp =248 x 107° K1, g = 2.65 x 107 4m3K g™t

Qep =283 x 107*m3K g™, ag =29 x 10*m?s 2K, by = 3.2 x 10° K¢ 'mPSs~2,
D =0.85 x 1078 Kgm™3s.

The values of void parameters are given as:
@ =3.688 x 107N, b= 1.138494 x 10'°N/m?, & = 1.1475 x 10'°N/m?,

x = 1.1753 x 107 19m?2, wy = 0.0787 x 107N x sec/m>.

In the Figures 1-6, we have determined the variations of normal stress, shear stress,
couple shear stress, volume fraction field, temperature distribution and concentra-
tion with distance r in case of dual phase lag micropolar thermoelastic porous with
diffusion (MTPD), dual phase lag micropolar thermodiffusion (MTD), dual phase
lag microplar thermoelastic porous (MTP) and micropolar thermoelastic porous
with Lord Shulman theory (MTPL)

In all these figures, MTPD, MTD, MTP and MTPL corresponding to solid line
(—), small dash line with centered symbol (-#-s---), small dash line ( )
and dash line (— - — -) respectively.

Figure 1 displays that ¢,, starts increase for MTD and MTPL for 1 < r < 1.5,
decreases for 1.5 < r < 3 and then its values become stationary for 3 < r < 4.
The values of t,, for MTPD and MTP initially decay for 1 < r < 1.7 and then
increase for 1.7 < r < 4. The value for MTPD is small in comparison to other cases
for 1.2 < r < 3.6. The maximum magnitude of ¢, is seen for MTPL and then
the magnitude will decay and decays gradually away from the source. The values
are coinciding for MTPD, MTD and MTPL away from the source. For the range
1 <r < 3, the behavior of MTD and MTPL is opposite to MTPD and MTP except
for 3.6 < r < 4.

Figure 2 exhibits that ¢, decreases for 1 < r < 4 in the cases of MTPD and MTPL.
For MTP, its value decreases for 1 < r < 2.3 increases for 2.3 < r < 4. For MTD,
its value decreases for 1 < r < 1.3, increases for 1.3 < r < 3.3 and again decreases
3.3 < r < 4. The behavior of MTPD and MTPL is similar for all the value of r.
The value is higher in the case of MTP and smaller value is noticed for MTD in
comparison to the other cases near the application of the source. Away from the
source, the values for MTP and MTD are similar.

Figure 3 shows that the values of m.y increase in the start for MTPD, MTP and
MTPL for the range 1 < r < 2.5, decrease for 2.5 < r < 4 and tend to zero
away from the source. Its value for MTD increases rapidly for 1 < r < 2.7 and then
decays to zero for 2.7 < r < 4. The maximum magnitude is obtained for 2 < r < 3.3
in the case of MTD and beyond this, the magnitude decays gradually and tends to
zero. Minimum magnitude is also seen in the case of MTD near the application of
the source. The values are coincides for MTPD, MTD and MTPL away from the
source.
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Figure 1 Variations of normal stress ¢,
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Figure 2 Variations of shear stress ¢,

Figure 4 shows that the values of ¢* initially decrease for 1 < r < 1.7 and
then decrease for 1.7 < r < 4 for MTPD and MTPL. For MTP, ¢* decreases for
1 < r < 1.5, increases for 1.5 < r < 3.3 and then decreases for 3.3 < r < 4. The
value is maximum for MTP and minimum for MTPL over the whole range. The
variation for MTPD, MTP and MTPL are similar except away from the source.
Figure 5 displays that the values of T initially increase for 1 < r < 1.8 and then
decrease gradually for 1.8 < r < 4 for MTPD, MTD and MTPL. The value of T
for MTP initially increases for 1 < r < 1.5, decreases for 1.5 < r < 3.3 and again
increases for 3.3 < r < 4. T has maximum value for 1 < r < 2.2 and minimum
value for 2.6 < r < 3.8 for MTP. For the range 3.3 < r < 4, the values are
similar for MTPD, MTD and MTPL. The variations of MTPD, MTD and MTPL
are similar over the entire range. Away from the sources, all the quantities have
similar behavior.
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Figure 6 represents that the values of C initially decrease for 1 < r < 2.7 and
increase for 2.7 < r < 4 for MTPD and MTPL. For MTD, its value decreases for
1 < r < 1.8 and increases for 1.8 < r < 4. It is seen that the values for MTPD
and MTPL decays sharply as compared to that of MTD. The values for MTPD and
MTPL are higher for 1 < r <24, 3.4 <r < 4 and smaller for 2.4 < r < 3.4 as

Kumar, R., Miglani, A. and Rani, R.

Couple Shear Stress m

'

:
by,
.“,-b' - ’.‘

"0."

Distancer

Figure 3 Variations of couple shear stress m g
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Figure 4 Variations of Volume Fraction Field ¢*

compared to those MTD.
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Figure 5 Variations for temperature distribution 7
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Figure 6 Variations of concentration C

8. Conclusions

we have investigated a two dimensional axisymmetric problem of micropolar porous
circular plate with thermal and chemical potential sources in the context of the
theory of dual phase lag generalized thermoelastic diffusion. The potential functions
are used to solve the problem. The Laplace and Hankel transforms techniques are
used to obtain the expressions of displacements, microrotation, volume fraction field,
temperature distribution, concentration and stresses in the transformed domain.
The inversion of transforms is applied to obtain the results in the physical domain.
We have presented the effect of porosity, LS theory and phase lag on normal stress,
shear stress, couple shear stress, volume fraction field, temperature distribution and
concentration numerically and graphically. For LS theory and porosity effect, the
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behavior are similar for normal stress and the similarity also obtained for MTPD
and MTP but the behavior of LS theory and porosity effect is opposite to MTPD
and MTP. Couple shear stress and volume fraction field have similar behavior for
MTPD, MTP and MTPL. For the cases MTPD, MTP and MTPL, the variation of
couple shear stress initially slowly increased and then decreased. Due to porosity
effect, its value sharply increased and then decreased. The behavior of concentration
is similar for MTPD and MTPL. The value of concentration initially decreased and
then increased. It is also observed that all the quantities have similar behavior away
from the sources. The ideas presented in the article are useful for material science
and devices for a variety of thermomechanical applications.
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Appendix I

a; = [{(m? =€) (1= D) + (s(m? — €2)* (B* + D*s) — (m? — €%) s B*)} R,
H{(m? =€) (e (A" + D*) + Q" (D" — 1) + §* (A" + 1))

— (m? = ) {B*s(e+ Q") + 2(D*Q* + A*S")} + s*B*Q"}| Ro/H.

i=1,2 3,4

bi = [(m? — &) {e(1 = D*) By — (e+ 8") By + €D"po + poS™}
+ (mf - 52) esB* (Bl — pg) + 52 (eD*Bl + S*Bz) - essB*Bl]Rg/H
i=1,2, 3, 4

d; = [{(m? — €)° (po — Ba) + (m? — €2)*Bos®} R

+{(m; — 52)2(—6 (1+A%) By + (e + Q") By + epoA* — poQ™)
+ (mf - 52) s*(eA* By — BQ*)} Ro] /M

1=1, 2, 3, 4

62 2
ei:p(m§—§2—;) i=5,6

H = (mi—¢€)[(m— &) (D*po — Ba) — sB*po R — {eB; (A" + D*) + Q" B,
—poD* Q" = B,S* — A*S*po} Ro] + B*s (61 + poQ”) Rz
i=1,2 3 4
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Appendix II
P = [fll (D* _ 1) + R (f13 _ f12) _ 2£2R1 + (S* +€D*)R2
+B201 Ry (2p0 — B2) + (e + §7) A"Ry — pgdi RaD* + Ry D*(f2 + € + 57)] /G

Py = (112 4267 (Ruf*2 + 1) + Rig' + o1 R (B + B3) — BB
+B1B201 Ra (€ — S* — €A*) + (B1 + B3) (pod; S* Ry + €podi A* Ry) + 67 Ry
(P30T A + 2ep0B, D" — B, D) = (f' + 262 Ry) poBad — S” Ra(f12 +26)
_p0325f (fll + 2§2R1) +B§5f (fn + (2'52 + 52) Rl) — ¢A*R, (f12 + 252)
—S*A*RQ (f12 +2€2 +52) —€R2 (f13+ (f12 +§2) D*)

+p(2)5>1k (D*fll + (f13 +D*£2) Rl) _ f12 (62 +52) R]_D*

_ (le +§2 + 52) (R1f13 + fllD*)]/g

P3 — [7252‘]011]012 o (R1f12 + f14) 54 + S*R2€2 (2]012 +€2)

—B§5T (f11£2 + (52 +52) (fll +§2R1)) F eA*Rot? (2f12 +§2)

268t Rot? (Bf + Bﬁ) + By Ba0; Ry 4e€? + (S* + €A") (262 + 52)

—2po0i Ro&? (B + Ba) (S* + €A”) + 2pod7 8267 (211 + Ri€?) — 2p501 S  A* Ry
+S*A*R2 52 (52 +52) +f12 (252 +52) +€R2{(f12 _1_52) f13 +f12€2D*}
~2epoBy 0 Ry (£1° + D*€%) + Br0{ Ra (£1° + D* (€2 + 5%))

—p%&f f11f13 + (D*fn —|—R1f13) 52 + f12 (52 + 52) (D*fu —|—R1f13)
+f11f13 (f12 _|_€2 + 52)]/9

Py = [fL 1264 — poBo0t filet — S*e4R, f12 _"_Bgéiﬁfllé-Q (52 i 52)

S podiBySt Rot — eA* F1264R, + €61 €4 R, (Bf n Bﬁ)

—B1 8207 Ro?{2e€” + (S* + €A”) (52 =+ 32)} + epody A" Ro&* (31 +Bz)
+podiet (ByS* Ry — Byf ') + podi Raé® (poS™ A*E? + 2¢B, f9)
—S*A*R2§2 (52 4 32) f12 _ €f12f13€2R2 4 GB?(STRQle (52 + 52)
+p(2)51<§2f11f13 _ f11f12f13 (52 + SQ)]/g

2 2 *2
2 S S *2 p5
Ql:_(2§+52+5%+26 - (52)
26257 22 | 82 (8 A
- 26252 1 5 (2 4 ogv2) —
= tX0 e et 5

= (R +ReQ), [ = (€ +p10] + 055+ 035%)

flS —_ B*S+D*§2, f14 —_ R1f12 +f117 g —_ (1 o D*)Rl



